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THE DERIVATIONS, CENTRAL EXTENSIONS AND
AUTOMORPHISM GROUP OF THE LIE ALGEBRA W ∗
SHOULAN GAO, CUIPO JIANG†, AND YUFENG PEI
Abstract. In this paper, we study the derivations, central extensions and the au-
tomorphisms of the infinite-dimensional Lie algebra W which appeared in [8] and
Dong-Zhang’s recent work [22] on the classification of some simple vertex operator
algebras.
1. Introduction
It is well known that the Virasoro algebra Vir plays an important role in many areas
of mathematics and physics (see [13], for example). It can be regarded as the universal
central extension of the complexification of the Lie algebra Vect(S1) of (real) vector
fields on the circle S1:
[Lm, Ln] = (m− n)Lm+n + δm+n,0
m3 −m
12
c, (1.1)
where c is a central element such that [Ln, c] = 0. The Virasoro algebra admits many
interesting extensions and generalizations, for example, the WN -algebras [21], W1+∞
[14], the higher rank Virasoro algebra [17], and the twisted Heisenberg-Virasoro algebra
[1, 3, 11] etc. Recently M. Henke et al. [8, 9] investigated a Lie algebra W in their
study of ageing phenomena which occur widely in physics [7]. The Lie algebra W is an
abelian extension of centerless Virasoro algebra, and is isomorphic to the semi-direct
product Lie algebra L⋉I, where L is the centerless Virasoro algebra(Witt algebra) and
I is the adjoint L-module. In particular,W is the infinite-dimensional extensions of the
Poincare algebra p3. In their classification of the simple vertex operator algebras with
2 generators, Dong and Zhang [22] studied a similar infinite-dimensional Lie algebra
W (2, 2) and its representation theory. Although the algebra W (2, 2) is an extension of
the Virasoro algebra, as they remarked, the representation theory for W (2, 2) is totally
different from that of the Virasoro algebra.
The purpose of this paper is to study the structure of the Lie algebra W and its
universal central extension W˜ . We will see that there is a natural surjective homomor-
phism from the universal covering algebra W˜ to W (2, 2). We show that the second
cohomology group with trivial coefficients for the Lie algebra W is two dimensional.
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Furthermore, by the Hochschild-Serre spectral sequence [20] and R. Farnsteiner’s the-
orem [5], we determine the derivation algebras of W and W˜ , which both have only one
outer derivation. Finally, the automorphism groups ofW and W˜ are also characterized.
Throughout the paper, we denote by Z the set of all integers and C the field of
complex numbers.
2. The Universal Central Extension of W
The Lie algebra W over the complex field C has a basis {Lm, Im | m ∈ Z} with the
following bracket
[Lm, Ln] = (m− n)Lm+n, [Lm, In] = (m− n)Im+n, [Im, In] = 0,
for all m,n ∈ Z. It is clear that W is isomorphic to the semi-direct product Lie algebra
W ≃ L ⋉ I, where L =
⊕
n∈ZCLi is the classical Witt algebra and I =
⊕
n∈ZCIn
can be regarded as the adjoint L-module. Moreover, W =
⊕
m∈Z
Wm is a Z-graded Lie
algebra, where Wm = CLm ⊕ CIm.
Let g be a Lie algebra. Recall that a bilinear function ψ : g × g −→ C is called a
2-cocycle on g if for all x, y, z ∈ g, the following two conditions are satisfied:
ψ(x, y) = −ψ(y, x),
ψ([x, y], z) + ψ([y, z], x) + ψ([z, x], y) = 0. (2.1)
For any linear function f : g −→ C, one can define a 2-cocycle ψf as follows
ψf(x, y) = f([x, y]), ∀ x, y ∈ g.
Such a 2-cocycle is called a 2-coboudary on g.
Let g be a perfect Lie algebra, i.e., [g, g] = g. Denote by C2(g,C) the vector space of
2-cocycles on g, B2(g,C) the vector space of 2-coboundaries on g. The quotient space:
H2(g,C) = C2(g,C)/B2(g,C)
is called the second cohomology group of g with trivial coefficients C. It is well-
known that H2(g,C) is one-to-one correspondence to the equivalence classes of one-
dimensional central extensions of the Lie algebra g.
We will determine the second cohomology group for the Lie algebra W .
Lemma 2.1 (See also [16]). Let (g, [ , ]0) be a perfect Lie algebra over C and V a g-
module such that g · V = V . Consider the semi-direct product Lie algebra (g⋉ V ,[ , ])
with the following bracket
[x, y] = [x, y]0, [x, v] = x · v, [u, v] = 0, ∀ x, y ∈ g, u, v ∈ V.
Let V ∗ be the dual g-module and
Bg(V ) = {f ∈ Hom(V⊗V,C) | f(u, v) = −f(v, u), f(x·u, v)+f(u, x·v) = 0, ∀x ∈ g, u, v ∈ V }.
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Then we have
H2(g⋉ V,C) = H2(g,C)⊕H1(g, V ∗)⊕ Bg(V ).
Proof. Let α be a 2-cocycle on g⋉V . Obviously, α|g ∈ H
2(g,C).DefineDα ∈ HomC(g, V
∗)
by
Dα(x)(v) = α(x, v),
for x ∈ g, v ∈ V. Then Dα ∈ H
1(g, V ∗). In fact, for any x, y ∈ g, v ∈ V ,
α([x, y], v) = α(x · v, y)− α(y · v, x)
= −Dα(y)(x · v) +Dα(x)(y · v)
= (x ·Dα(y))(v)− (y ·Dα(x))(v).
Therefore
Dα([x, y]) = x ·Dα(y)− y ·Dα(x),
for all x, y ∈ g. Define fα(u, v) = α(u, v) for any u, v ∈ V , then fα ∈ B
g(V ). It is
straightforward to check α|g, Dα and fα are linearly independent. We get the desired
formula. 
Corollary 2.2. Let V = g be the adjoint g-module. Then
H2(g⋉ g,C) = H2(g,C)⊕H1(g, g∗)⊕Bg(g). (2.2)
Theorem 2.3. H2(W,C) = Cα⊕ Cβ, where
α(Lm, Ln) = δm+n,0
m3 −m
12
, α(Lm, In) = α(Im, In) = 0,
β(Lm, In) = δm+n,0
m3 −m
12
, β(Lm, Ln) = β(Im, In) = 0.
for any m,n ∈ Z.
Proof. Since H2(L,C) = Cα and H1(L,L∗) ≃ Cβ (see [6, 10] for the details), we need
to prove that BL(I) = 0. Let f ∈ BL(I), then
(i− j)f(Ii+j, Ik) + (k − i)f(Ik+i, Ij) = 0. (2.3)
Letting i = 0 in (2.3), we get
(j + k)f(Ij , Ik) = 0.
So f(Ij, Ik) = 0 for j + k 6= 0. Let k = −i− j in (2.3), then we obtain
(i− j)f(Ii+j, I−i−j) + (2i+ j)f(Ij, I−j) = 0. (2.4)
Let j = −i, then 2if(I0, I0) = if(Ii, I−i), which implies that f(Ii, I−i) = 0 for all i ∈ Z.
Therefore, f(Im, In) = 0 for all m,n ∈ Z.

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Let g be a Lie algebra, (g˜, π) is called a central extension of g if π : g˜ −→ g is a
surjective homomorphism whose kernel lies in the center of the Lie algebra g˜. The pair
(g˜, π) is called a covering of g if g˜ is perfect. A covering (g˜, π) is called a universal central
extension of g if for every central extension (g˜′, ϕ) of g there is a unique homomorphism
ψ : g˜ −→ g˜′ for which ϕψ = π. It follows from [7] that every perfect Lie algebra has a
universal central extension.
Let W˜ = W
⊕
C C1
⊕
C C2 be a vector space over the complex field C with a basis
{Ln, In, C1, C2 | n ∈ Z} satisfying the following relations
[Lm, Ln] = (m− n)Lm+n + δm+n,0
m3 −m
12
C1,
[Lm, In] = (m− n)Im+n + δm+n,0
m3 −m
12
C2,
[Im, In] = 0, [C1, W˜ ] = 0, [C2, W˜ ] = 0,
for all m,n ∈ Z. By Theorem 2.3, W˜ is a universal covering algebra of W .
There is a Z-grading on W˜ :
W˜ =
⊕
n∈Z
W˜n,
where W˜n = span{Ln, In, δn,0C1, δn,0C2}. Set W˜+ =
⊕
n>0
W˜n and W˜− =
⊕
n<0
W˜n, then
there is a triangular decomposition on W˜ :
W˜ = W˜−
⊕
W˜0
⊕
W˜+.
Remark 2.4. Let C1 = C2 = C, then we get the Lie algebra W (2, 2) appeared in [22].
3. The Derivation Algebra of W
In this section, we consider the derivation algebra of W .
Let G be a commutative group, g =
⊕
g∈G
gg a G-graded Lie algebra. A g-module V
is called G-graded, if
V =
⊕
g∈G
Vg∈G, ggVh ⊆ Vg+h, ∀ g, h ∈ G.
Let g be a Lie algebra and V a g-module. A linear map D : g −→ V is called a
derivation, if for any x, y ∈ g,
D[x, y] = x.D(y)− y.D(x).
If there exists some v ∈ V such that D : x 7→ x.v, then D is called an inner derivation.
Denote by Der(g, V ) the vector space of all derivations, Inn(g, V ) the vector space of
all inner derivations. Set
H1(g, V ) = Der(g, V )/Inn(g, V ).
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Denote by Der(g) the derivation algebra of g, Inn(g) the vector space of all inner
derivations of g.
Firstly, we have the short exact sequence of Lie algebras
0→ I →W → L → 0,
which induces an exact sequence
H1(W, I)→ H1(W,W )→ H1(W,L). (3.1)
The right-hand side can be computed from the initial terms
0→ H1(L,L)→ H1(W,L)→ H1(I,L)W (3.2)
of the four-term sequence associated to the Hochschild-Serre spectral sequence [20]. It is
known that H1(L,L) = 0, while the term H1(I,L)W is equal to HomU(W )(I/[I, I],L).
Therefore, it suffices to compute the terms H1(W, I) and HomU(W )(I/[I, I],L).
By Proposition 1.1 in [5], we have the following lemma.
Lemma 3.1.
Der(W, I) =
⊕
n∈Z
Der(W, I)n,
where Der(W, I)n(Im) ⊆ Im+n for all m,n ∈ Z.

Lemma 3.2. For any nonzero integer m, we have
H1(W0, Im) = 0,
where Im = CIm.
Proof. Let m 6= 0, ϕ : W0 −→ CIm a derivation. Assume that
ϕ(L0) = aIm, ϕ(I0) = bIm,
where a, b ∈ C. Since ϕ[L0, I0] = [ϕ(L0), I0] + [L0, ϕ(I0)], it is easy to deduce b = 0.
Let Em = −
a
m
Im, then we have ϕ(L0) = [L0, Em] and ϕ(I0) = [I0, Em]. Therefore,
ϕ ∈ Inn(W0, Im), that is,
H1(W0, Im) = 0, ∀ m ∈ Z \ {0}.

Lemma 3.3. HomW0(Wm, In) = 0 for all m,n ∈ Z, m 6= n.
Proof. Let f ∈ HomW0(Wm, In), where m 6= n. Then for any Em ∈ Wm, we have
f([L0, Em]) = [L0, f(Em)].
Note [L0, Ek] = −kEk for all k ∈ Z. Then we get
−mf(Em) = [L0, f(Em)] = −nf(Em).
So f(Em) = 0 for all m 6= n. Therefore, we have f = 0. 
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By Lemma 4.3-4.4 and Proposition 1.2 in [5], we have the following Lemma.
Lemma 3.4. Der(W, I) = Der(W, I)0 + Inn(W, I).
Lemma 3.5. H1(W, I) = CD1, where
D1(Lm) = 0, D1(Im) = Im,
for all m ∈ Z .
Proof. For any D ∈ Der(W, I)0, assume
D(Lm) = amIm, D(Im) = bmIm,
where am, bm ∈ C. By the definition of derivation and the Lie bracket in W , we have
am+n = am + an, bm+n = bn, m 6= n.
Obviously, bm = b0 for all m ∈ Z and a0 = 0, a−m = −am. By induction on m > 0, we
deduce that am = (m − 2)a1 + a2 for m > 2. Then it is easy to infer that a2 = 2a1.
Consequently, we get am = ma1 for all m ∈ Z. So for all m ∈ Z, we have
D(Lm) = ma1Im, D(Im) = b1Im.
Set D0 = −ad(a1I0) ∈ Inn(W ), then D(Lm) = D0(Lm), D(Im) = D0(Im) + b1Im.
Therefore,
D¯(Lm) = 0, D¯(Im) = b1Im,
for all m ∈ Z, where D¯ = D −D0 is an outer derivation. The lemma holds.

Lemma 3.6. HomU(W )(I/[I, I],L) = 0.
Proof. As a matter of fact,
HomU(W )(I/[I, I],L) = HomU(W )(I,L).
For any f ∈ HomU(W )(I,L), we have [L0, f(Im)] = f([L0, Im]), i.e.,
ad(−L0)(f(Im)) = mf(Im),
for all m ∈ Z. This suggests f(Im) ∈ CLm. Assume f(Im) = xmLm for all m ∈ Z,
where xm ∈ C. By the relation that [Ln, f(Im)] = f([Ln, Im]) for all m,n ∈ Z, we have
xm+n = xm, m 6= n.
Obviously, xm = x0 for all m ∈ Z. So there exists some constant a ∈ C such that
f(Im) = aLm,
for all m ∈ Z. Since f([I0, I1]) = 0 = [I0, f(I1)] = −aL1, we have a = 0. Hence f = 0.

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Theorem 3.7. H1(W,W ) = CD, where
D(Lm) = 0, D(Im) = Im,
for all m ∈ Z .
Furthermore, it follows from Theorem 2.2 in [2] that
Corollary 3.8. H1(W˜ , W˜ ) ≃ H1(W,W ).
4. The Automorphism Group of W
Denote by Aut(W ) and Z the automorphism group and the inner automorphism
group of W respectively. Obviously, Z is generated by exp(kadIm), m ∈ Z, k ∈ C, and
Z is an abelian subgroup. Note that I is the maximal proper ideal of W , so we have
the following lemma.
Lemma 4.1. For any σ ∈ Aut(W ), σ(In) ∈ I for all n ∈ Z.

For any
t∏
j=s
exp(kijadIij) ∈ Z, we have
t∏
j=s
exp(kijadIij )(In) = In,
t∏
j=s
exp(kijadIij )(Ln) = Ln +
t∑
j=s
kij (ij − n)Iij+n.
Lemma 4.2. For any σ ∈ Aut(W ), there exist some τ ∈ Z and ǫ ∈ {±1} such that
σ¯(Ln) = a
nǫLǫn + a
nλnIǫn, (4.1)
σ¯(In) = a
nµIǫn, (4.2)
where σ¯ = τ−1σ, a, µ ∈ C∗ and λ ∈ C. Conversely, if σ¯ is a linear operator on s˜v
satisfying (4.1)-(4.2) for some ǫ ∈ {±1}, a, µ ∈ C∗ and λ ∈ C, then σ¯ ∈ Aut(W ).
Proof. For any σ ∈ Aut(W ), denote σ|L = σ
′. Then σ′ is an automorphism of the
classical Witt algebra, so σ′(Lm) = ǫa
mLǫm for all m ∈ Z, where a ∈ C
∗ and ǫ ∈ {±1}.
Assume that
σ(L0) = ǫL0 +
q∑
i=p
λiIi + λ0I0,
where i 6= 0. Let τ =
q∏
i=p
exp(λi
ǫi
adIi), then
τ(ǫL0) = ǫL0 +
q∑
i=p
λiIi.
Therefore, σ(L0) = τ(ǫL0) + λ0I0. Set σ¯ = τ
−1σ, then σ¯(L0) = ǫL0 + λ0I0. Assume
σ¯(Ln) = a
nǫLǫn + a
n
∑
λ(ni)Ini, n 6= 0,
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where each formula is of finite terms and λ(ni), µ(nj) ∈ C. For m 6= 0, through the
relation [σ¯(L0), σ¯(Lm)] = −mσ¯(Lm), we get
λ0mIǫm =
∑
λ(mi)[m− ǫmi]Imi .
This forces that λ0 = 0. Then [σ¯(L0), σ¯(Lm)] = [ǫL0, σ¯(Lm)] = −mσ¯(Lm), that is,
−adL0(σ¯(Lm)) = ǫmσ¯(Lm).
So for all m ∈ Z, we obtain
σ¯(Lm) = a
mǫLǫm + a
mλ(ǫm)Iǫm.
Comparing the coefficients of Iǫ(m+n) on the both side of [σ¯(Lm), σ¯(Ln)] = (m−n)σ¯(Lm+n),
we get
λ(ǫm) + λ(ǫn) = λ(ǫ(m+ n)).
Note λ0 = 0, we deduce that λ(ǫm) = mλ(ǫ) for all m ∈ Z. Therefore,
σ¯(Lm) = a
mǫLǫ m + a
mmλ(ǫ)Iǫm.
Finally, by [σ(L0), σ(Im)] = −mσ(Im), we have
−adL0(σ(Im)) = ǫmσ(Im),
for all m ∈ Z. Then by Lemma 4.1, we may assume
σ(In) = a
nµ(ǫn)Iǫn,
for all n ∈ Z. By [σ(Lm), σ(In)] = (m− n)σ(Im+n), we get
µ(ǫn) = µ(ǫ(m+ n)), m 6= n.
Consequently, µ(ǫm) = µ(0) for all m ∈ Z. Set µ(0) = µ, then for all n ∈ Z, we have
σ¯(In) = a
nµIǫn.

Denote by σ¯(ǫ, λ, a, µ) the automorphism of W satisfying (4.1)-(4.2), then
σ¯(ǫ1, λ1, a1, µ1)σ¯(ǫ2, λ2, a2, µ2) = σ¯(ǫ1ǫ2, λ1 + µ1λ2, a
ǫ2
1 a2, µ1µ2), (4.3)
and σ¯(ǫ1, λ1, a1, µ1) = σ¯(ǫ2, λ2, a2, µ2) if and only if ǫ1 = ǫ2, λ1 = λ2, a1 = a2, µ1 = µ2.
Let
π¯ǫ = σ¯(ǫ, 0, 1, 1), σ¯λ = σ¯(1, λ, 1, 1), σ¯a,µ = σ¯(1, 0, a, µ)
and
a = {π¯ǫ | ǫ = ±1}, t = {σ¯λ | λ ∈ C}, b = {σ¯a,µ | a, µ ∈ C
∗}.
By (4.3), we have the following relations:
σ¯(ǫ, λ, a, µ) = σ¯(ǫ, 0, 1, 1)σ¯(1, λ, 1, 1)σ¯(1, 0, a, µ) ∈ atb,
σ¯(ǫ, λ, a, µ)−1 = σ¯(ǫ,−λµ−1, a−ǫ, µ−1),
π¯ǫ1 π¯ǫ2 = π¯ǫ1ǫ2, σ¯λ1 σ¯λ2 = σ¯λ1+λ2, σ¯a1,µ1 σ¯a2,µ2 = σ¯a1a2,µ1µ2 ,
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σ¯λπ¯ǫ = π¯ǫσ¯λ, π¯
−1
ǫ σ¯a,µπ¯ǫ = σ¯aǫ,µ, σ¯a,µσ¯λσ¯
−1
a,µ = σ¯µλ.
Hence, the following lemma holds.
Lemma 4.3. a, t and b are all subgroups of Aut(W ). Furthermore, t is an abelian
normal subgroup commutative with Z.
Aut(W ) = (Zt)⋊ (a⋉ b),
where a ∼= Z2 = {±1}, t ∼= C, b ∼= C
∗ × C∗. 
Let C∞ = {(ai)i∈Z | ai ∈ C, all but a finite number of the ai are zero }. Then C
∞
is an abelian group.
Lemma 4.4. Zt is isomorphic to C∞.
Proof. Define f : Zt −→ C∞ by
f(σ¯λ
s∏
i=1
exp(αkiadIki)) = (ap)p∈Z,
where aki = αki for ki < 0, a0 = λ, aki+1 = αki for ki ≥ 0, and the others are zero,
ki ∈ Z and k1 < k2 < · · · < ks. Since every element of Zt has the unique form of
σ¯λ
s∏
i=1
exp(αkiadIki), it is easy to check that f is an isomorphism of group.

Theorem 4.5. Aut(W ) ∼= C∞ ⋊ (Z2 ⋉ (C
∗ × C∗)).

Since W is centerless, it follows from Corollary 6 in [18] that Aut(W˜ ) = Aut(W ),
that is,
Aut(W˜ ) ∼= C∞ ⋊ (Z2 ⋉ (C
∗ × C∗)).
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